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TECHNICALNOTE3938

SIDEWASHINTKEVICINITYOFLIFTING

AT SUPERSONICSPEEDS

WEFT WINGS

ByPercyJ.EobbittandPeterJ.Msxie,Jr.

SUMMARY

In orderto calculatethetiducedloadingon a store,missile,or
pylonsituatedincloseproximityto a wing-fuselagecombination,a
detailedknowledgeoftheflowfieldisrequired.Thepresentpwr
providessomeofthisneededinformationbypresentingequationsand
chartsthatenablethedeterminationof sidewashinthevicinityof semi-
infinitetriangularwingsat smalls.nglesof attack.- Theseresultsmay
alsobeuseddirectlyinsidewashdeterminationsfortheconicslpartof
theflowexteriortowingshavingfinitespsnssndchords.Atpointsin
theflowfieldaffectedbythefinite-wingwakeortip,additionalcon-

% siderationsarenecesssry-todeterminethesidewash.%th
wingsndsupersonic-wingleading-edgeconditionshavebeen
sidewsshisobtainablefor.aUsupersonicMachnumbersand

u sweepanglesforsweptbackwings.

INTRODUCTION

thesubsonic-
treated;hence,
leading-edge

Theeverincreasinguseofexternalstoresandmissileson aircraft
hasemphasizedtheneedfora methodofpredictingtheloadsacthg on
thesestoresandmissilessndalsoonthepylonsbywhichtheysreoften
attachedtothewing. Store,missile,sndpylonloadingssrerequired
indesigmingthepylonstructure,inpredictingthelateralstability
of aircraft,indeterminingthejettisoncharacteristicsof stores,and
in computingthetrajectoriesofmissiles.

A numberofexperimentalinvestigationshavebeenconductedinthe
pastseveralyearsinanattemptto gainsomeinsightintotheorigin
of storeloadssad,ina fewisolatedcases,pylonloads.Throughsystem-
atictestsontheeffectsof storeposition,storesize,wingplanformj
pylonsofvszioustypes,andMachnumber,theunderstandingofthevarious
interferenceeffectshasbeenticreased.However,duetothemanyvari-
ablesinvolvedintheairplane-storeor airplane-missileproblem,there
remainsa verydefiniteneedforananalyticalor semiempiricalmethod
capableof indicatingtrends(ifnotmagnitudes)whenthemanyvariables
involvedsrechanged.

*
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Oneofthemostimportantprereqtisitiestomakinga calculation
ofthestore,missile,orpylonloadingisa detailedknowledgeofthe
flowfieldintheimmediatevicinityofthew5ng. Inreference1 u
extensivetheoreticaltreatmentofthepertinentflowfieldsat subsonic
speedshasbeenpresented,togetherwithsomeexperimentalverification.
At supersonicspeedsthepictureisnotquitesocomplete.Thelongi-
tudinalandverticalvelocitycomponentsin.thevicinityofthewing
whichareduetothewingangleofattackhavebeenderivedtirefer-
ences2,3,4,and5,andsomeinformationrelatedtothevelocitycom-
ponentsinfuselageflowfieldsandwing-thicknessflowfieldsmaybe
extractedfromreferences6 and7. Thelateralflowvelocityinthe
ticinityofthewingduetothetingsngleofattackhasnotyetbeen
treated.

Thepresentpaperis concernedwiththelatter,thatis,theanalyt-
icaldeterminationofthelateralflowvelocity(sidewash)inthevicinity
ofthewingduetothewingangleofattack.Themethodsusedpsrallel
thelinearizedlifthg-surfacemethodsemployedinreference3 to deter-
minethedownwashintheflowfieldexteriorto flatliftingtriangles
ofinfinitechord.Theanalysesapplyfor’allleading-edgesweepangles
forsweptbackwingsandsupersonicMachnumbers,boththesubsonic-wing
leading-edgeandsupersonic-wingleading-edgeconditionsbeingconsidered.
It shouldbepointedoutthattheinfinite-chordtriangular-wingsidewash,
whichisderivedherein,mayalsobeuseddirectlyinsidewashdetermina-
tionsforsomeregionsnearwingshavingfinitespansandchords.For
pointsaffectedbythewingwakeor wing tip,additionalconsiderations
are,of course,necessary(seeref.5)andtheexpressionsfortheside-
washvelocitygiveninthepresentpaperreyresentonlya partofthe
totalsidewash.Theresultsoftheinvestigationme presentedinchart
formforvar’iouscombinationsofleading-edgesweepsndMachnumber.

SYMBOLS

—

—
—

-.

Thesystemofsxesusedintheanalysissmdthepositivedirections
ofthevelocitiesareshowninfigure1.

b spanoftriangtiarwing

c constmtofintegration

c rootchordoftrismgular

—

Ei imaginarypartof incompleteellipticintegralofsecond
kind

.

% realpartofincompleteellipticintegralof-secondkind
?

—
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r)El+%? completeelliptic

m

titegralof secondkindwithmodulus

E(u)jk) incompleteellipticintegralofthesecondkindwith

Fi

Fr

F(a,k)

\

I.P.
*

k

k’

m

modulusk and

-fi=’y psrtof
kind

stieempl.itwiem, J“-
1- %3.2

incompleteellipticintegraloffirst

reslpsxtofincompleteellipticimtegraloffirstkind

incompleteeUlpticintegraloffirstkindwithmodulusk

andsineamplitudeu,
J
0“ ~syw

imaginarypat

i
modulusofelliptic3ntegrsls~ 1 - so4

rcomodul.usofellipticintegrals,kt= 1 - kz= so2

free-streamMachnumber, v.

Velocityof soundinfreestream

cotangentof sweepangleofwingleadingedge

‘=.+{*”
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.o=~”” “’
pm

U,v>w

v

v.

+

X,y,z

a

5

c

A = sn2(Fr,k)

P

~)v

a = sn2(Fi,kt)

T

#

Subscripts:

1

2

i

r

perturbationvelocitiesin,x-, y-,sndz-directions

complexsidewashfunction,
—

V+i;

free-streamvelocity

harmonicconjugateof v

Cartesiancoordinatesoffieldpointwithoriginatwing
apex(thepositivedirectionsareindicatedinfig.1)

singleof attack,radians

imaginarypartof a complexvariable

complexvariable,

complexincomplete
partisgivenby

complexvariables

1 + + - (3742-(4X)2

eUipticfunctionoffirstkind(real
pr andimaginarypartby vi)

realpartofa complexvariable

perturbation-velocitypotential

refersto

refersto

refersto

refersto

complexvariable~

complexvariableq

haginarypertof.acomplexfunction

realpartofa complexfunction
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PRESENTATIONOFSIDEWASHEQUATIONS

Themethodsusedinreference3 forthedeterminationofthedown-
washintheflowfieldsexteriorto flatliftimgtriangularwingsof
infinitechordmayalsobeusedforthedeterminationofthesidewash
h theflowfieldsexteriortothesesanewings.Forthisreason,this
sectionwillberestrictedprimarilytothepresentationofthesidewash
equationswiththeactualderivationsgivenin appendixesA andB.

Sidewashequtionspresentedwillapplydirectlyforpointsbelow
theright-hsndpaelofthew5ng;however,sincethesidewashisanti-
symmetrictith z (i.e.,abouttheplaneofthewhg) and y, thesigns
ontheequationmaybe changedto givethesidewashforanypointin— —
the field.

Subsonic-Leading-EdgeWing

Thesidewashata point(x,y,z)belowtheright-hsndpsnelof
liftingtriangularw5ng,asdevelopedinappendixA, isgivenby

Vmct
v=

(1- So’)dim--)
i

-E(@so2) +

[(p- 1-
1[

S04)A2fi 1 - a2

1

Y’=a=”

[
(1-1-1- )]S04~ a2

the

(1)

Where

so= Ml- ~%’
pm
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In
proceed

andthen

‘1=

xrderto calculatethe X smd
w follows.First,calculate

a functionsin
p smd q:

‘=whfiw!$
P:q=

I

4{( )2P2 - qz + S02 + 4??%2+p’2-qa+ S02 +

l-” , .

equation

W )2 ( ]
1

q p2-qz-tS02 +4p2q2- pz-q2+S02

qz+ S02)2 -t’4p2q2

[\ ~

61= -p
( )

2p2- qa+S02
( )+kpzqa- pz-qz+,9.2;

(l),

(2)

b
(4)

—

qJ/(p2-
!

q2+ S02)2+4p2q2+p2-q2+S02

,~+ “)

.

Y
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l/~[1+%)2(,2-42 +4so%2q2+ 1 + SOp(pp- qp)
,>.[h]

( )]2+ 6.2pp - q,=’ + 4s04p2q2

\-/

/’&l+S02(,2-q2)]2+4so&q2 - [1+SOP(P2- ~p)]
r (7)

++S02(P2-q2j
SubstituteT1 and 51 intheequations

sndsubstitute

4, ‘ J (8)

4(1- so +

~2+~2-~

Theelliptic
sionfor v (eq.
seriesexpsmsion.

2
+ 4s04p2q2

for A and u givenbelow
Ta and 52 to obtainh2

Theequation
panelofthewing

.

‘mctti”s‘(-9
(1)) maybe obtainedfromtables(ref..

Supersonic-Leading-EdgeWing

in theexpres-
8snd9)orby

forthesidewashintheregionbelowtheright-hand
sndbehindtheMachconeemanatimzfromtheW5JXZanex-.

(seeappendixA) is
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v=
Vma

‘F’

tan-l

km-l

1
1 -’rn(+ 1 (10)

.——

behindtheplsneMachwaveoffthewingleadingedgeIntheregion
andaheadoftheMachconefromthewingapex,thesidewashisgivenby

w
v= &-1

Sonic-Leading-Edge

(u) +

*

wing

Whenthewingleadingedgeissonic,thesidewashexpressions
(eqs.(1)md (10))simplifyto

‘m”~m ,12) ‘
(V)p=l=

[()]

2
fil- P:
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RESUiX!SANDDISCUSSION

SideWashCharts

Byuseofexpressionsderivedherein,thesidewashforallpoints
inthevicinityof imfinite-chordtriangularwingsmaybe determined.
In figures2 to 7 thevariationofthenondimensionalsidewashparameter
v

tith~~snd~: for ~m parametersof0.4,0.6,0.8,Lo, 1.25,
~
1.5,1.75,2.0,and2.5hasbeenpresented.
fallingbetweenthosejustenumeratedmaybe
accuracyh mostcasesby interpolation.lh

ofthefigures,thenondimensionalsidewash

Sidewashfor jh values
obtainedwithsufficient
thesucceedingdiscussion
v— willbereferredto
Vma

simplyas sidwash.

Side-washVariationsWith y sn.dz

* By assumiagj3 and x tobe fixedquantitiesinthesidewashvari-

ationswith p ~ and 13$, it ispossibletomakea numberofobserva-
ti

tionsonthevsriationof sidewashwithverticalsndspsnwisedistances.
Anotherandmorevividmethodofpicturingtheflowisto constructcon-
tourplotsofthesidewash,thatis,linesofequal.~. Forthisreason,

V=a
contourplotshavebeenconstructedfor pm valuesof0.8md 1.5and
theresultsme showninfiguces8 smd9.

Subsonic-1eading-edgecase.- On thesurfaceofthesubsonic-leading-
edgewing(z= O)jthesidewashincreasesfroma zerovalueatthewing
planeof symmetry(y= O)to infinityatthewingleadingedge. (See
fig.2.) Outboardofthewingyetintheplaneofthewingextended,
thesidewashis zero.Fora finitevalueof z,thesidewashincreases
with y fromzeroto a maximum,thendecreasesto zeroattheMachcone
fromtheapex.Fora giveny valueas z is increased(i.e.,as z
becomesmorenegative),figmes3 and8 showthatthemagnitudeofthe
sidewashdecreasesexceptintheregionbetweenthewingleadingedgeand
Machconewherethereis au increaseto a wimm fromthezerovalueat
the

. axe
and

*

planeofthewingextendedfol.1.owedby a decrease.

As thevaluesofthepwmneter pm (for pm valueslessthsn1)
decreased,theflowfield.belowthewingremsdnss~ler inappearance
thems@itudeofthesidewashdecreases.
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4
Sonic-leading-edgecase.- Whenthewingleadingedgeissonic,the

sidewashiszeroon’theMachconeeverywhereexceptatthepointwhere
thewingleadingedgeandMachconecoincide.It-cabe seeninfig- U
ure4 thatatthispointthesidewashisinfinite.

Figure~ presents.thevsriationof sidewashwith z fora number
of y valuessndshowsthatforsmallvaluesof y thesidewashdecreases
veryslowlywith z from’itsvalueat z = O overa largerangeof z
valuesanddropsrapidlyneartheMachcone.Forthelsrgervaluesof y,
thesidewashdecreasesmorerapidlyatthelownegativevaluesof Z. At
a fixednegativevalueof z,thesidewashticreasesfromzeroattheplane
of symmetryto a maximumandthendropsabruptlyto zeroattheMachcone.

—

Supersonic-leading-edgecasee-Inorderto facilitatethediscussion
ofthesupersonic-leading-edgesidewash,a crosssectionofthewingand
Machconesystemisgiveninthefollowingsketch:

m 1----pm
-1.0

!
I

PlaneMachwaveII affleadingedge,
I =Pm.~*J~1’
I

.--——-- - Tangencypoint

\ Machcane

OntheMachconeemanatingfromthewingapexforthesupersonic-leading-
edgewing,thesidewashcsmbe consideredashavingthreedifferentvalues.
ForthatportionoftheMachconethatseparatestheregionbehindtheMach
conefromtheregionbetweentheMachconeandtheplaneMachwaveoffthe
leadingedge,thesidewashhasa constantvalue(eq.(11)).At thepetit
wheretheplsnewaveofftheleadingedgeistsmgenttotheMachconefrom
thewingapex,thesidewashhashalftheconstantvaluegivenbyequa-
tion(11). (Seefigs.T(d)andT(e).) Belowthetangencypointtheside-
washhasa zerovalue.

Thesidewashonthesurfaceofthewingincreaseswith y froma
zerovalueatthewingplaneof symmetry(y= O)to a finitevalueat
theMachconefromthewingapex.Forpointsonorbelowthewingout-
sidetheMachconefromthewingapexbutwitlxlmtheplaneMachwaveoff
thewingleadingedge,thesidewashhasa constantvalue(eq.(I-1)).
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v
Thewiation of sidewashwith y (seefigs.6 smd9) fora given

negativevalueof z,lessthanthenegativez vslueofthetsngency
d point,isverysimilartothesidewashvariationonthewing. Fornega-

tivevaluesof z greaterthenthatofthetsngencypoint,thesidewash
increasesgraduallywith y untilitreachesa maximumendthendrops
abruptlyto zeroattheMachcone.

Figwres7 and9 showthatthevsriationof sidewashwith z fora
fixedvalueof y isveryslightovera Isrgerangeof z values.Near
theMachcone,thesidewash&ops abruptlyto a zerovalueifthe y value
islessthanthatoftheplane-wavetangencypointandrisesabruptlyto
a constantvalueifthey-coordinateisgreaterthanthatofthetangency
point●

Increasing13m(~m valuesgreaterthan1) causesa decreaseinthe
maximumvaluesofthesidewash.It isevidentthatas ~m is ticreased
thepointoftangencyoftheleading-edgeplanewavemovesnearertothe
wingsymmetryplsneandtheregionbetweentheleading-edgeplanewave
andtheapexMachconeincreasesin sizerelativeto theregionbehind
theapexMachcone.

- SidewashVsxiationsWith x

In orderthatthelongitudinalor chordwisevariationsof sidewash. maybe convenientlyplottedmd moreeasilyvisualized,thesemi-infinite
triangularwinghasbeencutoffata distsncex = c fromthewinga~ex.
Themsximumdistancebehindtheapexofthefinitetrianguhrwingthat
thesidewashcanthenberepresented,bytheequationsderivedherein,
is

x= C+pz

ornondimensionally

x-=l+P”*c (13)

where b/2 isthesemispanofthefinite-chordtriangulszwing. E=yond
the x vslueofequation(13),theflowfieldisaffectedby thefinite-
wingwake.

.
Thechordtisevariationofthesidewashhasbeenplottedinfigures10

ad KLfortwovaluesof ~m,a subsonic-leading-edgevalueof0.8anda.
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—
supersonic-leading-edgevalueof1.5;threespanwiselocations,

&
s 0.25, m

O.~, and0.75;andthreeverticalheights,
&

= -0.1,-0.2,and-0.3.
.-

For ~m= 0.8,figure10 showsthatthesidewashrisesrapidlyto a maxi-
mumfromitszerovalueattheMachconeandthendecreasesata muchmore
gradualrateto a finitevalueattheplaneMachwaveoffthetrailing
edge.Aspreciouslynotedinthediscussionoffigures2 and3,theside-
washmagnitudesincreaseingoingfromaninbos.rdto anoutboardstation
anddecrease(thoughonlyslightlyovertherearportionofthewing)as
theverticaldistanceisincreased.

Forthesupersonicedge, ~m= 1.5, infigure11,themostnotable
featureofthechordtisevariationsistheabruptdropintheregion
immediatelybehindtheMachconefromthewingapex.Intheresz’wsrd
portionsofthewingthereislittlechangeof sfdewashwithvertical
height.Thisisconsistentwithpreviousobservations.(Seefigs.6,
~, and9.)

COJ!K!UJDINGREMARRS
.+

Beforea attemptcanbetie to calculatetheaerodynamicforces
actingon storesormissilessituatedintheimmediatevicinityofWingsj b,

it isnecessaryto havea detailedknowledgeoftheflowfieldnesxthe
wing. Thepresentpaperprovidessomeofthisneededinformationby
presentingcalculationsofthelateralflowexteriorto lifting,semi-
i.nfinite,triangularwingstravelingatsupersonicspeeds.Thesesolu-
tionsmayalsobeuseddirectlyindeterdningthesidewashinsome
regionsaboves.ndbelowfinitewtigs.Chartssreincludedfromwhich
the,sidewashcanbe obtained,eitherdirectlyorby interpolation,for
allwingsweepbackanglessmdsupersonicMachnumbers.

Themethodsusedinderivingthesidewasharebasedon linearized
theory;hence,theresultsaresubjectto itslimitations.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Va.,November6, 1956.

.

.
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APPENDIXA

DETERMINATIONOF SIDEWASH

Thepurposeofthisappendixisto give

EXPRESSIONS

thederivationoftheside-
washequations.Thederivationspresentedarecsrriedoutfor j3= 1 so
thatthesidewashandassociatedformulasgivenin subsequentsections
aredependentonlyon m, y/X,and Z/X. ByuseofthePrandtl-Glauert
rule,whichdemonstratesthattheflow-fieldvelocitiesatanyMachnumber

mustdependon ~m, 13~, and 13~, thesidewashexpressionsmaybe

rewrittento applyforallMachnumbers.(Seeeqs.(l),(10),(XL),and
(12)inthemainbodyofthispaper.)

Subsonic-Ieading-EdgeCase

Inreference~,H. J. Stewartgivesthefollowingdifferentialequa-
tion(witha changeinnotation)forthecomplexsidewashvelocity:

QJ=.*[( (1+ ,2,0-,2, (Al)
C2+S02)(&302 + 1)13/2

where

l-dl-m2
‘o= m

and

(A2)
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.
Integrationofequation(Al)leadsto

r
V=v+iT

Thecomplexvariables~ and q originatethroughvariablechanges
necessaryintheintegrationofequation(Al)andtheirrelationto ~
isgivenby

‘=J-‘- —
d

. .‘=ti’ .
Itisconvenientto designatetherealandimaginarypartsofthesenew

-.

variablesby Tl,
%’

T2, and 52
—

sothat

( %’ T2, and 52 intermsof y/x and z/x aregiveninthetext __..._
b:lqs.(2),(3),(4),(5),(6),and(7)).‘iheconstantC inequa-
tion(A3)isdeterminedby theconditionthatthesidewash(realpertof
eq.(A3))mustbe zeroontheMachcone.

.



NACATN3938

Of interesthereistherealpmt ofequation(A3)~t~t is~
wash. Thus,theproblemremainingisto findtheimaginaryparts
ellipticintegralsE and F inequation(A3).With

I?(T’* i.,d~k) = Fr * ~i

and

E(T, ,&~~4)=~*i%
theequationforthesidewashmaybe written

v.

15

theside-
ofthe

c

(Ak)

Reference3 gives

‘i =’(@}so2)

Thus

(’i)l= (F @l,So2)

and

(’J,‘ ‘W@

(A5)

(A6)

*

.
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InappendixB theimaginarypartoftheelliyticintegral
argumenthasbeenderivedandyields

NACATN3938

E withCO’M@eX

()‘h= (-E &So2 )+ F(w~so2) +

L , .-l

and

(A7)

(Ei)2=‘E (@02) + F (@so’)-+

[1 - h -so4)~216 ~’ m’

1 -[1 -(1 - %4)x’].’

By substitutingequations(A5),(A6),(A7),and(A8)intoequation(Ah),
thesidewashisfoundtobe

(M)

r1-1- ‘mdh 1
- “’-1 ‘E(J=’)-1 -[1-(1-!NU1

(A9)

u

m

.

,-
.

.

.
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1

Inorderto obtaintheequationfor
i m (inthedenominatorof (eq.(A9))

equivalentintermsof so:

v thatispresented
hasbeenreplacedas

Also,ithas
theconstant

2s0
m=-_

17

inthetext,
followsby its

beenfoundthattheboundaryconditionsaresatisfiedwith
of integrationsetequalto zero.

Supersonic-Leading-EdgeCase

Ithasbeendemonstratedinreference2 thattheflowfieldexterior
toa liftingornonliftingsemi-infinitetriangularwingwithsupersonic
leadingedgesisthesunoftheflowfieldsoftwolinesofpressure
sourcescoincidentwiththewingleadingedges.Directlyobtainedin
reference2 by virtueofthisresultisthelongitudinalperturbation
velocityu forpointsintheflowfield.The u velocitybelowthe

w liftingwingandbehindtheMachconefromthewingapexisgivenby the
followingequation:

.

andfor
edgeis

-v@JI1u. Cos-1 x-l-[ %Y -1-
2mm -1 ~(y - mx)2- z2(m2- 1)

Cos-1 x+ w
{(y +mx)2- z2(m2- 1)1

(NLo)

pointsbetween
givenby

J

theMachconeandtheplanewaveofftheleading

-vmam

‘=-
Itshouldbe notedthatthepositivesquare

(All)

rootsme tobe takeninthe
denominatorofthesrccosinetermsof-equation(KLO)in conjunctionwith
theprincipalvaluesofthearccosines.Equationsfortheverticalper-

9 turbationvelocityor downwashhavebeenderivedinreference3. k the
rerdnderofthissectionthelateralperturbationvelocity,referredto
hereinas sidewashjwillbe obtainedby theprocedureusedinreference3.

“
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By consideringtherelationshipbetweentheperturbation-velocity
potentialandthestreamwisevelocitycomponent,

expressionsgiving
velocitycomponent

Theintegrationin

3!!
ax

=U

theperturbation-velocitypotential@ sndlateral
v maybe Written

@ = Jx u(x’JY>z)~’
X.

(A12)

(M3)

equations(A12)and(A13)isalonga linepsrallelto 9
thex-sxisfroma point ~, wherethepotential# andvelocityu sr?e
zero,to a pointintheregionwherethevelocitypotentialor sidewash
isdesired. .

Twopossiblepathsof integrationareshowninfigure12forpoints
behindtheapexMachcone.Onepathintersectsboththeplanewaveand
MachconewhereastheotherintersectsonlytheMachcone.Mathematically,
itcanbe shownthatthefirstofthese.integrationpaths”correspondsto
theconditionthat x< my andthesecond,totheconditionthat x> W.
Considerthefirstofthetwopathsof integration.Thevelocitypotentia
ata pointx fromequtions(AIO),(All),and(A12)isgivenasfollows:

Jlx X’+my
if Vwcy’ ~~ 1dx’i(Y+ m’)2 - z2(m2- 1)

(A14)

.
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Performingthefirsttwointegrationsandthendifferentiating
to y givesrise+0s

19

withrespect

.-

J IIIx’d- X’y- Inzz ax’-
>yp+zp @ - # - q(y - Inx’)2 - zqmz - lJ

J

x ~12 + Xly - Inz2
&sf

}

(Q5)
d= i~~y + m%’)2 - Z2(M? - lj

The firsttwotermsinequatio~(A15) areobtainedfromthefirstintegral
ofequation(A14). Thethirdandfourthtermsresultfromdifferentiating.
thefirstarccosineintegralinequation(All)andthelastterminequa-
tion(A15) comesfromdifferentiathgthesecondwc cosinetermof eqm-

. tion(A14). Notethatthefirstand
Thefirstintegralinequation(A15)
stitutingthelowerlimitsthat x <

thirdtermsof equation(A15)cancel.
whenevaluated(rememberwhensub-
my)gives

(w6)

Theevaluationofthesecondintegralinequation(AI-5
{7

be obtained
fromtheevaluationofthefirstintegralb equationA15 (expres-
sion(KL6))by replacingy by -y andchangingthesignbeforethe
~ term. Thisprocedureyields

d+(tin-l2 -1

(Q7)
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&

Whenexpressions(KL6)and(A17)aresubstitutedfortheintegralsin
equation(A15),thesidewashbehindtheapex—klachconeforthecasewhere 4.
x < my isseentobe

(u8)

of integrationtothepoint x intersectsonlytheWhenthepath
Machcone,thesidewashfr~mequations.(fiO)and(A13)maybe writtenas

{[”-

J
‘1-~

1
v = - fi> % z’ CoS-’I/(y- %)2 - “(m’ - ‘)‘i’+

J

,x -1

h

Xl+my
Cos 11dx’

F +22 (Y+ mxl)2

Carryingoutthedifferentiation

[

J
Vmcun x

v=-—
“ ~~’

(fug)
+’#- ( JJ1)—.

inequation(A19)yields

mx” - X’y- m“ -dx’-

[~’~y -mx~)’- .2(.2-,)]
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1
whichwhenintegrated

a

with x > my resultsinthefollowingequation:

21

v.. w.F (tin-lL=xti +J== ‘-h-’~-+ -
2 +Z 2-1

\

~y2+Z2)

Vma=-

(

tin-l

( 2mm -1

Itcanhe seenfromequations(~8) and(A20)thatthesidewash
. theMachconeisgivenforallpointsby thesameexpression.

ThesidewashintheregionbetweentheplaneMachwaveoff
edgeandtheMachconebelowtherightwingpanelisgivenby

v.

which,whentheindicatedoperationsareperformed,becomes

(Am)

behind

theleading

‘=s (A21)
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i
Sonic-Leading-EdgeCase

Thesonic-leading-edgesidewashismostsimplyobtainedfromequa- p
(A20)● Setting ‘m

indeterminacywhichmy

v=

;qualto 1 inequation(A%) givesriseto an
easilybe evaluatedtoyieldtherequiredsidewash

(A22)
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.

EVALWTIONOF

APPENDIXB

IMAGINARYPARTOFAN INCOMPLETEEIJXP3!IC

INTEGRALOF TEESECONDKINDWITEA COMPLEXARGUMENT

Inreference3 therealpartoftheincompleteellipticintegral
E(T+ib,k) andtherealandtiginarypartsoftheellipticintegral
F(T+ib,k) havebeenderived.Thepurposeofthisappendixisto obtain
theimaginarypartoftheellipticintegralE(tii5,k) whichisnecessary
indeterminingthesidewash.(Seeeq.(A4).)

Theincompleteellipticintegralofthesecondkindwitha complex
argumentmaybewrittenas

*

where
. Jf=G4

WhentheJacobiantransformation

T+i~= E = sn(v,k)= sn(vr+vi,lc)

is introduced,equation(Ill)becomes

Evaluationoftherealandimaginarypartsoftheupperlimitof equa-
tion(B3),thatis,

% JTkib

Frt iFi=
o

.
isgiveninreference3. (Seealso

+)==
eqs.(As)and(A6).)

(Bl)

(B2)

(B3)



24 FMCATN3938

Aspointedoutinreference3,theintegrationin equation(B3)is
mostconvenientlyperformedintwosteps:first,alongtherealaxis
to Fr,andthenparallelto thehnaginary’axisfrom Fr to Frk iFi.
Thus,equation(B3)becomes

(B4)

Thefirstintegralinequation(B4)isrealandmaybe excludedfrom
furtherconsideration.Itisconvenientindeterminingtheimaginary
partofthesecondtermto expandthedelti.-.amplitudeellipticfunction
withtheaidofthefollowingformulagiveninreference8,page24:

dn(Fr,k)cn(vi,k’)dn(pi,k’)ik2sn(Fr,k)cn(Fr,k)sn(pijk’)
dn(Fr~ipi,k)= T

1- sn2(~i,k’)dn2(Fr,k) 1 - 6n2(~i,k!)dn2(Fr,k)

Withtheuseoftherelationshipinthesecondintegralof equation(~),
theimaginarypartof E(7+ib,k)isgivenby

[

Fi dn2(Fr,k)cn2(vi,k’~dn2(vi,k’)
I.P.[E(~fib,k~=t ~ ~

o 1 - sn2-(pi,k’)dn2(Fr,k)12-

1

k4sn2(Fr,k)cn2(Frzk)sn2(ui,k’) ~

[ i
i (B5)

1- sn2(pi,k’)ti2(Fr,k2

Byuseoftheintegrationformulasgivenonpages218and219ofrefer-
ence8,theimaginarypartof E(7tib,k)in
functionsbecomes

1.P.[E(tii8,k)l
[

= * Fi(snFi,k’)-

termsofJacobian

E(snFi,kl)+

elliptic

ti2(Fr,k)sn(F~,kt)cn(Fi,k’)dn(Fi,k!)

1
(x)

1- ti2(Fr,k)sn2(Fi,k’)
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k
FYomthechangeinvariableof equation(B2),thatis,

s

T ~ ib = sn(FrfFi,k)

andbydefiningA and a as

-.A

G

reference3 hasshownthat T

~2 .

U(l52=—

follows:

= sn2(Fr,k) (m)

= sn2(Fi,k’) (m)

and b maybe relatedto X and u by

A(l - k’*a)

(1- u + k?4a)2

a)(l-X)(l- k%)

(B9)

(B1O)
(1 - a + k%+

and

A=
1+1-2+82- 4#]l+k2(T2 +52) - [l+kql-2+53/2-41?#

(ml)
&k?

Otherusefulrelationshipswhichmay
and (B8)are

:@(T2-+i2) - I]
(B12)

be formedby useofeqyations(B7)

~n(Fr,k)= ~~~ (B13)

P’dn(Fr,k) = 1 (B14)



26

cn(Fi,k’)=-

dn(Fi,k’)=~1 . k’2cr

Byuseoftherelationshipsgiveninequations(B7),
(~5),and(B16),theimaginaryPartof theellivbic

NACATN 3938

●

(m)
*

(B16) “

(B8), (B13),(B14),
functionE(tii~,k),

definedby equation(B6),-cannowbewrittenin\ermsof h, a,andk
as

1- (1 - k%)a J
Inequations(A6)and(A7),k and k’ havebeenreplacedbytheir _
equivalentsm and S02. :

●

.
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Figure l.- Sketch of supersonic-leading-edge wing showing system of axes used In analysis and
the positive directio~ of the flow velocities and angle of attack.
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